In this study, two studies are performed. One is to apply paraxial boundary conditions which are local boundary conditions based on paraxial approximations of the one-way wave equations to finite element analysis. To do this, a penalty functional is proposed and the existence and uniqueness of the extremum of the proposed functional is demonstrated. The other is to improve the capacity of viscous boundary conditions using dashpots. To do this, customary viscous boundary conditions are modified to maximize the efficiency according to angles of incidence and materials. For the numerical analysis of elasticity with paraxial boundary conditions and the modified viscous boundary conditions, the coding of the finite element models is implemented, and the efficiency of those boundary conditions is investigated.
Introduction
In many dynamic problems, the analysts are confronted with the problem of wave propagation in infinite or semiinfinite media. The complex geometry or/and non-homogeneity disturb or prohibit to find the closed-form solutions to those problems. In this reason various numerical techniques are needed. But since such discrete models used are necessarily finite in size, echoes would develop at the artificial boundaries if no appropriate action was taken. Absorbing boundaries are mathematical artifacts used to prevent wave reflections at the boundaries of discrete models for infinite media under dynamic loads. A number of these boundaries have been proposed in the past three decades and used with various degrees of success. The collection of absorbing boundaries can be grouped into two broad classes: nonlocal and local absorbing boundaries. Nonlocal boundaries are exact, robust, accurate, and stable, but some of those are properly defined only in the frequency domain, and cannot be used for problems involving material nonlinear effects. And for some of those the exact condition is not available or is too complicated to be practical. For these reasons, a number of local absorbing boundaries have been proposed. Local absorbing boundaries may be good energy absorbers, but they are not perfect ones, therefore, a residual echo may be present in the solution. However, the accuracy of some classes of the local absorbing boundaries can be increased by taking higher order approximations for boundary conditions. But the various sequence of such boundary conditions make the absorbing boundary conditions have complex mathematical forms with partial derivatives, and thus this complicates the application of such local absorbing boundary conditions to finite element analysis. Paraxial boundary conditions are such kinds of local boundary conditions, which are based on paraxial approximations of the one-way wave equations, and thus the application of those to finite element analysis is difficult. In this study, to do this, a penalty functional is newly proposed and the existence and uniqueness of the extremum of the proposed functional is demonstrated. The penalty functional proposed in this study enables to derive the functional including not only the total potential energy but also paraxial boundary conditions in elastic media and thus to analyze the elasticity problems with the paraxial boundary conditions. Consequently, it may be expected that the proposed approach can be applied to any local boundary conditions based on approximations of the one-way wave equations. Viscous boundary conditions which are also some kinds of local boundary conditions are most convenient to apply to finite element analysis, but it is known that the capacity is not good. In this study the study on improving the capacity of viscous boundary conditions is implemented. Using the concept of energy ratio between the reflected waves and the incident wave, the efficiency of customary viscous boundary conditions can be improved for an arbitrary angle of incidence and materials. Finally, for the numerical analysis of elasticity with paraxial boundary conditions and the modified viscous boundary conditions, the coding of the finite element models is implemented, and the efficiency of those boundary conditions is investigated.
Paraxial and Viscous Boundary Conditions

Paraxial Boundary Conditions
Paraxial boundary conditions are based on the paraxial approximations of the one-way wave equations, which were developed for scalar wave equation [1] [2] [3] and for the elastic wave [4] . The absorbing boundary conditions should be chosen such that its dispersion relation is a good approximation of the interior dispersion relation for outgoing waves, and the boundary conditions together with the differential equation should form a well posed problem. The better the boundary conditions describe outgoing waves the smaller will be the reflection [5] . Figure 1 schematically shows the dispersion relation for a plane wave and Equation (1) (1), the first and the second down-going paraxial boundary conditions, Equations (2) and (3) can be derived [6] . 
, , (4)- (5) are applied to the boundary which are equal in magnitude and opposite in direction to the stresses caused by the incident wave.
In Equations (4) and (5) the parameters, a and b, vary according to not only the incident angles but also the material properties of the medium. The choice of a = b = 1 which is called "the standard viscous boundary" was given by Lysmer and Kuhlemeyer (1969) [7] for the whole range of incident angles. The absorption by viscous boundary conditions cannot be made perfect over the whole range of incident angles and/or for all the material properties of medium, but can be made maximum. Hence, the parameters a and b in Equations (4) and (5) can be chosen to maximize the efficiency of the viscous boundary conditions for an arbitrary angle of incidence and material through which waves propagate. A good measure for the ability of the viscous boundary to absorb impinging elastic waves is the energy ratio defined as the ratio between the transmitted energy of the reflected waves and the transmitted energy of the incident wave. This ratio can be computed from the wave amplitudes ratios by considering the energy flow to and from a unit area of the boundary. The situations for an incident compressional and shear waves are shown in Figure 3 .
The absorption ratio (AR) of the viscous boundary according to the incident angles can be defined such that
where energy ratio (ER) is defined as follows, for incident compressional wave 2 2 sin 1 sin
and for incident shear wave cos sin sin
In Equation (7) P I , P P , and P S are the complex amplitudes of the incident compressional, the reflected compressional, and the reflected shear waves and s is the ratio of the shear wave velocity to the compressional wave velocity. In Equations (8a) and (8b) S I , S , and S are the complex amplitudes of the incident shear, the reflected compressional, and the reflected shear waves.
P S Equation (6) can be used to maximize the efficiency of viscous boundary conditions (Equations (4) and (5)), and varying the parameters a and b in Equations (4) and (5) to maximize Equation (6) according to incident angles and Poisson's ratios gives Table 1 for incident compressional wave and Table 2 for incident shear wave.
Comparison of Paraxial to Viscous Boundary Conditions
Figures 4-7 show the amplitude ratios between the incident, the reflected compressional, and the reflected shear waves, where "This study", "Paraxial 1", "Paraxial 2", "Lysmer (1969)", and "White (1977)" denote the results of the viscous boundary conditions modified in this study, the paraxial boundary conditions (Equation (2)), the paraxial boundary conditions (Equation (3)), Lysmer-Kuhlemeyer (1969) [7] 's boundary conditions, and White et al. (1977) [8] 's boundary conditions, respectively. Table 2 . Values of a and b S-wave incidence. In Figures 4-7 the compressional and shear reflections are shown for incident P and S wave. Here, it can be seen that all of the boundaries but the viscous boundary modified in this study are nearly equal in their reflection amplitudes. Near to perfect absorption is attained for those incident waves which are almost normal to the boundary. Conversely, total reflection occurs for the waves which impinge at 0˚ angles. All the boundaries are almost as effective for lower Poisson's ratios as they are for higher ones. Figures 4-7 show that the modified viscous boundary clearly outperforms its competitors.
Finite Element Analysis of Paraxial and
Viscous Boundary Conditions
Variational Formulation of Paraxial Bounary Conditions
The functional, Equation (9), makes the finite element analysis of the paraxial boundary conditions easy because the governing equations which are derived from the proposed penalty functional include the paraxial boundary conditions in itself, and thus the development of any special numerical integration schemes and interpolation functions are not required.
where K,  ,  , i  , i , and i are the kinetic energy, the total potential energy, the variational operator, penalty functions, the paraxial boundary conditions, and displacements respectively.
G u
The first term in Equation (9) (i.e., the functional including K and  ) has the extremum and it is unique. Hence, if the extremum for the second term in Equation (9) exists and is unique, the extremum for the total functional, Equation (9), will exist and be unique. The existence and uniqueness of the second term in Equation (9) was already proved by Kim and Lee (2008) [6] . 
Finite Element Formulation of Paraxial Boundary Conditions
The vector forms, Equations (10) and (11), of the finite element model for the paraxial boundary conditions can be obtained by substituting Equations (2) and (3) into Equation (9) such that
where ψ, C, and f are the matrices related to interpolation functions, elastic stiffnesses, and body forces respectively, and the rest matrices in Equations (10) and (11) are [6]         11  1  1  66  2   12  2  1  66   2  3 1, 2 
Finite Element Formulation of Viscous Boundary Conditions
The viscous boundary conditions, Equations (4) and (5), correspond to a situation in which the convex boundary is supported on infinitesimal dashpots oriented normal and tangential to the boundary. Hence the variational formulation can be used to apply the viscous boundary to a finite element model. 
Numerical Example
To investigate the efficiency of the paraxial and the modified viscous boundary conditions, the displacements between Models (a) and (b) in Figure 8 are compared each other. Model (a), of which boundaries are fixed and which is extensive enough to prevent the boundary reflections reaching the interior zone, is horizontally about four times and vertically about two times larger than Model (b) including the paraxial and viscous boundary conditions at the boundaries. In all the models, the elastic regions are discretized with nine-noded elements which employ quadratic isoparametric interpolation functions, where 10,000 elements are used in Model (a) and 676 elements in Model (b). The used elastic moduli, Young's modulus E and Poisson ratio v, and mass density ρ are presented in Table 3 . Figure 9 reports the horizontal and vertical displacements recorded at A and C in Models (a) and (b), where "Lysmer", "White", and "This study" indicate the viscous boundaries proposed by Lysmer-Kuhlemeyer (1969) [7] , White et al. (1977) [8] , and this study respectively. And "Paraxial 1" denotes the paraxial boundary conditions, Equation (2) . "Reference" and "free" are respectively referred to the solutions in Model (a) and Model (b) where traction free condition is applied. Wave reflections caused by a free boundary are clearly seen in Figure 9 , while the viscous and paraxial boundaries largely succeed in eliminating these reflections. Aslo, since the waves induced by a dynamic load in Figure 8 are absorbed firstly at the boundary along which the paraxial and viscous boundaries are applied and the residual echoes propagate into the interior region. Figure 9 also shows that, in the case of the vertical displacements, the paraxial boundary is slightly more accurate, and demonstrates how well the finite element model, Equation (10), induced from the proposed functional, Equation (9), simulates the infinite domain.
Conclusions
In this study, studies on applying the paraxial boundary conditions to finite element analysis and improving the capacity of viscous boundary conditions were implemented, and the following results could be obtained:
1) Using the penalty functional modified in this study, the functional for elasticity with the paraxial boundary conditions can be obtained, and this makes the finite element formulation of the paraxial boundary conditions possible.
2) Moreover, since, solving the finite element models derived from the obtained functional, any special numerical scheme and interpolation function are not required, this method can be applied to any other local absorbing boundary conditions.
3) Using the concept of energy ratio between the transmitted energy of the reflected waves and the transmitted energy of the incident wave per unit of time through a unit area of the wave front of compressional and shear waves, the efficiency of the viscous boundary conditions for the compressional and the shear waves can be improved for an arbitrary angle of incidence and materials.
